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Free rise of air bubbles in aqueous solutions of xanthan gum and CMC was studied.
The rheological behavior of the biopolymer solutions was characterized.
Xanthan Gum solutions showed elastic effects characterized by relaxation time.
No discontinuity in the rise velocity was found over the bubble size range studied.
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We have studied the free rise of small air bubbles in aqueous solutions of xanthan gum and
carboxymethylcellulose. The rheological behavior of the biopolymer solutions used in our experiments
was thoroughly characterized. The terminal rise velocity of the bubbles was measured by imaging their
motion with a high-speed video camera. The rise velocity increased as a power law in bubble volume
for the smallest bubbles studied, as expected in the Stokes ﬂow regime, but became approximately
constant for larger bubbles. We observed no discontinuity in the rise velocity over the range of bubble
volumes studied, from 1 ml to 4000 ml. The shape of the bubbles changed from spherical to cusped to
spherical cap as the volume increased. While the smaller bubbles rose vertically through the polymer
solutions, the larger bubbles rose in a spiral or zig-zag path.
& 2013 Elsevier Ltd. All rights reserved.
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1. Introduction
Bubbles rising through non-Newtonian ﬂuids display complex
behavior, much of which remains poorly understood (Kulkarni
and Joshi, 2005). Examples include the presence of a negative
wake behind bubbles in viscoelastic ﬂuids, the formation of a
cusp-shaped tail, and observations of a discontinuity in bubble
rise velocity (Pillapakkam et al., 2007). Small bubbles are important in bioprocessing and wastewater treatment because their
high interfacial area per unit volume enhances mass transfer
between gas and liquid phases (Burns et al., 1997; Krishna and
van Baten, 2003). The rise velocity of the bubbles can be an
important parameter in the sizing of reactors and processing
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systems involving bubbles, and an understanding of bubble
motion is important for the overall design of such systems.
This study is focused on the motion of small (1 ml to 4000 ml)
air bubbles in aqueous solutions of xanthan gum and carboxymethylcellulose (CMC). These are non-Newtonian polymeric
ﬂuids which exhibit shear-thinning behavior. Studies of aerobic
fermentation of xanthan gum by Xanthomonas campestris have
demonstrated that micro-bubbles enhance the oxygen mass
transfer and signiﬁcantly increase the production yield
(Bangalore and Bellmer, 2006). This illustrates the importance
of the behaviour of small air bubbles in aqueous solutions
of biopolymers, but there have been few studies of the dynamic
behavior of air bubbles in such ﬂuids (Margaritis et al., 1999;
Hassan et al., 2008).
There are conﬂicting reports in the literature on the existence
of a discontinuity in the free rise velocity of small bubbles in nonNewtonian ﬂuids. Wild et al. (2003) cited this phenomenon as an
example of the complex behavior of bubbles, and Chhabra (2007)
described the discontinuity as one of the most striking effects

S. Amirnia et al. / Chemical Engineering Science 94 (2013) 60–68

associated with bubble motion in non-Newtonian ﬂuids. While
a number of investigators have observed a discontinuity, others
have not, and in some cases experiments in the same polymer
solutions have given contradictory results. Furthermore, there is
disagreement as to the possible mechanisms that could give rise
to such a phenomenon. Astarita and Apuzzo (1965) and Leal et al.
(1971) reported a jump in the rise velocity as a function of bubble
volume for small bubbles in highly elastic non-Newtonian ﬂuids.

61

These studies were followed by several other experiments and
theoretical investigations in which a jump was observed
(Calderbank et al., 1970; Liu et al., 1995; Rodrigue et al., 1996;
Rodrigue and De Kee, 1999, 2002; Herrera-Velarde et al., 2003;
Soto et al., 2006; Pillapakkam et al., 2007; Pilz and Brenn, 2007).
Several other publications on the motion of bubbles in nonNewtonian ﬂuids, however, reported no jump in bubble rise
velocity as a function of volume (De Kee et al., 1986, 1990;

Table 1
Summary of previous investigations on the rise velocity discontinuity of bubbles in non-Newtonian ﬂuids.
Reference

Fluids and conditions

Velocity-volume discontinuity
observed?

Proposed mechanism

Astarita and
Apuzzo
(1965)
Calderbank
et al.
(1970)
Leal et al.
(1971)
Liu et al.
(1995)
De Kee et al.
(1986)
De Kee and
Chhabra
(1988)
De Kee et al.
(1990)
Rodrigue
et al.
(1996)
Rodrigue and
De Kee
(1999)
Margaritis
et al.
(1999)
Dewsbury
et al.
(1999)
Rodrigue and
De Kee
(2002)
Frank et al.
(2003)
HerreraVelarde
et al.
(2003)
Funfschilling
and Li
(2006)
Soto et al.
(2006)
Kemiha et al.
(2006)
Pillapakkam
et al.
(2007)

Carbopol, CMC, ET497, and J-100

Yes, for ET 497 and J-100. No
discontinuity observed for carbopol
and CMC.
Yes

Jump due to a transition in boundary conditions from no-slip for small
bubbles in the Stokes regime to free surface conditions for larger
bubbles
The bubble rear undergoes a shape change at the critical bubble
volume

Malaga and
Rallison
(2007)
Pilz and
Brenn
(2007)
Sikorski et al.
(2009).
VélezCordero
et al.
(2012)

Carbon dioxide bubbles in Polyox
solutions
Glass spheres and air bubbles in
Polyacrylamide (PAA)
Polyox solutons

Yes, for air bubbles

Evidence for the hypothesis of Astarita and Apuzzo (1965)

Yes

Reduction in drag due to the appearance of a cusped tail at a critical
capillary number

CMC and PAA

No

Air, N2, and CO2 bubbles in CMC, PAA
(Separan AP30), and PAA with
surfactants
PAA (Separan AP30)

No

No

CMC, Gellan gum, Polyethylene oxide,
PAA with surfactants.

Yes, for PAA solutions only

Surface modiﬁcation due to presence of surfactant and elastic forces

PAA with added surfactant

Yes

Interfacial instability related to elasticity and surface tension gradients

Various polysaccharides in solution.

No

Air bubbles and buoyant particles in
CMC

No

Theoretical analysis of the free-surface Yes
problem
PAA

No

PAA, no surfactant

Yes. Bubble volume at discontinuity
increased with polymer
concentration.

N2 bubbles in CMC and PAA solutions

No

Hydrophobically-modiﬁed associative
polymer solutions.
PAA

Yes

Direct numerical

Yes. Magnitude of the jump varied
with the concentration of solution

simulations to study the role of
viscoelasticity.
Numerical calculations of bubble
deformation

No

Discontinuity in surface forces. The existence of a cusp is a necessary
but not sufﬁcient condition for the occurrence of a discontinuity

Negative ﬂow ﬁeld around the bubbles appeared above the
discontinuity

Discontinuity results from a competition between elastic and surface
tension forces
Negative wake behind bubbles observed
Shape of bubbles and wake structure changes at a critical volume

No

Praestol 2500 (PAA), polyethylene
oxide, and Praestol 2540.

Yes. No discontinuity observed at low Relaxation time in elongational ﬂow is important
concentrations.

Carbopol

No

Boger-type ﬂuids

Yes

Velocity discontinuity accompanied by formation of a small cusp at the
rear of bubbles
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De Kee and Chhabra, 1988; Margaritis et al., 1999; Dewsbury
et al., 1999; Frank et al., 2003; Funfschilling and Li, 2006; Malaga
and Rallison, 2007; Sikorski et al., 2009). This phenomenon has
been reviewed in the book by Chhabra and De Kee (1992), and
Table 1 summarizes the results of several relevant publications.
The motion of liquid drops through non-Newtonian ﬂuids has also
been studied, with similarly conﬂicting results. Marrucci et al.
(1970) reported that the group of Astarita and Apuzzo did not
encounter any discontinuities in a study of the motion of liquid
drops in non-Newtonian systems, whereas a sudden transition in
both the shape and velocity of liquid drops falling in nonNewtonian ﬂuids was reported by Fararoui and Kintner (1961).
The aim of the present study is to examine the behavior of
bubbles in xanthan gum solutions, and in particular to investigate
the existence of a velocity discontinuity in these ﬂuids. Similar
experiments were performed using two solutions of CMC for
comparison and to check the generality of our xanthan results.

2. Experiment
Xanthan gum from X. campestris with a molecular weight of
several million was purchased from Sigma-Aldrich Canada in
powder form. CMC with molecular weight between 250,000 and
700,000 was obtained from Acros Organics. All of the solutions
were made by slowly adding weighed quantities of the polymers
to distilled water at 22.5 1C in a continuously-stirred 10 l tank.
Stirring was continued until all of the powder was dissolved.
Since a jump in bubble rise velocity has been reported in systems
without surfactants (Pilz and Brenn, 2007; Herrera-Velarde et al.,
2003), no surfactants were used in the experiments reported here.
Seven different concentrations of xanthan gum and two concentrations of CMC were used in our experiments, as listed in Table 2.
The CMC solutions were completely transparent. The xanthan
solutions became more opaque as the concentration increased,
making visualization experiments impossible for xanthan concentrations higher than 2580 ppm.
Experiments were performed in a transparent acrylic column
similar to that used by Dewsbury et al. (1999). The column was
rectangular in cross-section and measured 27 cm by 30 cm by
240 cm tall. The horizontal dimensions of the column were large
compared to the size of the bubbles to minimize wall effects, and
the motion of the bubbles was studied far from the ends of the
column. After preparation, each solution was pumped slowly into
the bubble column from the bottom, ﬁlling the column roughly
half way. Time was allowed for small bubbles created by the highshear mixer to rise to the top of the column before starting the
experiments. Experiments on each solution were preformed
within 24 h of its preparation.
Two Redlake MotionScope high-speed video cameras operated
at 2000 frames per second were used to monitor the motion of

the bubbles. The cameras were equipped with Toyo Optics zoom
lenses (focal length 12.5–75 mm, f/1.8). Preliminary experiments
using both cameras mounted at different heights indicated that
the bubbles had reached their terminal rise velocity by the time
they had risen 50 cm above the release point. Consequently, all
measurements were made with a single high-speed camera
positioned at that level, looking into the column from the side.
Different light sources were used depending on the transparency
of the solution being studied; for the more opaque, concentrated
xanthan solutions, the column was backlit with a 500 W narrowbeam white-light source. The video images were stored on a
computer and later analyzed using MiDAS 2.0 image processing
software. The rise velocity was determined by measuring the
positions of the selected bubbles in successive video images.
The software was also used to measure the size of the bubbles,
as discussed below, and to track their trajectories.
We used two methods to generate bubbles of known and
reproducible size. The ﬁrst simply involved injecting air into the
experimental column with high-accuracy gastight micro-syringes
(Hamilton). A concave teﬂon ‘‘spoon’’ mounted above the injection point was used to collect multiple bubbles, which coalesced
to form a single large bubble of the desired volume (Dewsbury
et al., 1999). The bubble was then released by inverting the spoon.
This method was used with the more concentrated xanthan
solutions. In the second method, used with the more transparent
solutions, air was ﬁltered to remove any traces of oil or water and
then ﬂowed continuously at a low rate into the column through a
small nozzle, producing a stream of equal-sized, small, spherical
bubbles as illustrated in Fig. 1. The volume of these bubbles was
determined using the image processing software described above.
Several of these small bubbles were collected in the teﬂon spoon
to form a single, larger bubble which was then released. The
uncertainty in the volume of the individual bubbles was approximately 75%.
The densities r of the ﬂuid solutions used in our experiments
were measured with a constant volume pycnometer at a temperature of 22.5 1C. Their surface tensions s were measured using
a Fisher Autotensiomat surface tension analyzer with a du Nouy
ring. The physical properties of the solutions are tabulated in
Table 2.
The rheological properties of the solutions were measured
using an ARES strain-controlled shear rheometer (TA Instruments) with a cone and plate tool. Measurements under steady
shear were used to determine the viscosity m and ﬁrst normal
stress difference N1 as functions of the strain rate g_ . The viscous

Table 2
Physical properties of the xanthan gum and CMC solutions. All properties were
measured at 22.5 1C.
Solution

Conc. (ppm)

Density (kg/m3)

Surface tension (mN/m)

Xanthan

520
780
1050
1280
1530
2100
2580
4000
6000
–

998.5 7 0.1
998.6
998.7
998.8
998.9
999.1
999.4
999.7
1000.4
997.7

71.8 70.5
71.9
71.7
71.8
71.5
71
70.5
71.8
71.6
72

CMC
Distilled water

Fig. 1. A stream of equal-sized small bubbles used to create larger bubbles with
known volume. The time interval between two successive bubbles was adjusted to
about 10 s by a pressure regulator, and the desired number of small bubbles was
combined to produce a single larger bubble.
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and elastic moduli, G00 and G0 , respectively, were measured under
small amplitude oscillatory shear at a strain amplitude of 10%.
This was veriﬁed to be in the linear viscoelastic regime by
measuring the moduli as a function of strain amplitude. The
results of our rheological characterization are presented in
Section 3.1.

3. Results and discussion
3.1. Rheological characterization

m ¼ m0 ½1þ ðlg_ Þ 

,

solutions, respectively, and the ﬁt parameters are tabulated in
Table 3.
A non-zero value of N1, the ﬁrst normal stress difference,
indicates the presence of elasticity. N1 for our xanthan and CMC
solutions was measured under steady shear, and is plotted as a
function of g_ in Figs. 4 and 5, respectively. We found that allowing
the samples sufﬁcient time to relax fully was essential to obtain
reproducible data for N1. The normal forces were too small to
measure at the lowest shear rates, and consequently our measurements were performed for g_ in the range 5–200 s  1. Over this
range of shear rates, N1 was well described by a power law,
N1 ¼ ag_ b :

The viscosity of xanthan gum solutions with a range of
concentrations are plotted in Fig. 2. Corresponding data for CMC
are plotted in Fig. 3. All of the solutions studied are shearthinning; that is, their viscosity decreases with increasing shear
rate. In most cases, the viscosity at low shear rates approaches a
Newtonian plateau at which its value becomes constant and
independent of shear rate. This plateau is much more pronounced
for the CMC solutions. For the higher concentrations of xanthan
gum, the Newtonian regime is below the experimentally accessible range of shear rates. This behavior is typical of entangled
polymer solutions in general. We note that there is no indication
that the xanthan solutions have a yield stress.
We ﬁt the viscosity data to a Carreau model,
m ðn1Þ=m
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ð1Þ

in which the zero-shear-rate viscosity m0, the relaxation time l,
and the indices n and m are ﬁtting parameters. At low shear rates,
the viscosity given by this model approaches the constant value
m0, while at shear rates much larger than l  1 the viscosity shows
a power-law dependence on shear rate, behaving as g_ n1 .
The results are plotted in Figs. 2 and 3 for our xanthan and CMC

ð2Þ

Corresponding ﬁts are plotted in Figs. 4 and 5 and the values of
the parameters a and b are given in Table 4.
The elastic and viscous moduli G0 and G00 for our xanthan gum
solutions were measured under small-amplitude oscillatory shear
and are plotted as a function of frequency in Fig. 6. The data are
Table 3
Results of ﬁtting the viscosity data to the Carreau model, Eq. (1). The parameters
are deﬁned in the text.
Solution Conc.
(ppm)

n

m

Xanthan 520
780
1050
1280
1530
2100
2580

0.467 0.03
0.407 0.03
0.3907 0.009
0.3967 0.008
0.3467 0.005
0.317 0.02
0.297 0.01

0.95 7 0.12
0.707 0.08
1.007 0.05
1.17 7 0.08
1.007 0.04
1.07 0.2
1.07 0.3

0.717 0.01
0.707 0.02

1.5 7 0.1
1.3 7 0.1

CMC

4000
6000

l (s)

2.67 0.4
4.27 0.5
4.17 0.2
4.37 0.2
5.87 0.2
137 1
16.97 0.7

l0 (Pa s)
0.11 7 0.01
0.30 7 0.03
0.42 7 0.02
0.46 7 0.02
0.94 7 0.03
2.7 7 0.1
4.8 7 0.1

0.0297 0.003 0.0560 7 0.0001
0.0547 0.007 0.1240 7 0.0003

Fig. 2. Viscosity of xanthan gum solutions. The curves are ﬁts to the Carreau
model, Eq. (1).

Fig. 4. First normal stress difference N1 for xanthan gum solutions. The dashed
lines are ﬁts to a power law, Eq. (2).

Fig. 3. Viscosity of CMC solutions. The curves are ﬁts to Eq. (1).

Fig. 5. First normal stress difference N1 for CMC solutions. The dashed lines are
ﬁts to a power law, Eq. (2).
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Table 4
Parameters from ﬁts of a power-law model, Eq. (2), to the ﬁrst normal stress
difference.
Solution

Conc. (ppm)

a (Pa sb)

b

Xanthan

780
1050
1530
2100
2580
4000
6000

0.5 7 0.08
0.88 7 0.14
1.4 7 0.8
2.1 7 0.4
3.87 7 0.14
0.3 7 0.4
0.26 7 0.03

0.44 7 0.04
0.32 7 0.04
0.33 7 0.03
0.31 7 0.05
0.19 7 0.03
0.69 7 0.03
0.71 7 0.03

CMC

Fig. 6. Linear viscous and elastic moduli for the xanthan gum solutions.

Table 5
Crossover frequencies and relaxation times from small amplitude oscillatory shear
experiments on xanthan gum and CMC solutions.
Solution

Conc. (ppm)

oc (rad/s)

tc (s)

Xanthan

520
780
1050
1280
1530
2100
2580
4000
6000

4.3 70.1
1.3 70.1
0.9 70.3
1.0 70.1
0.6 70.1
0.31 70.03
0.24 70.01
33 72
29 72

1.46 7 0.03
4.9 7 0.4
77 2
6.6 7 0.7
107 2
207 2
26 7 1
0.19 7 0.01
0.21 7 0.01

CMC

again typical of viscoelastic polymer solutions. At low frequencies, the solutions respond viscously, while at higher frequencies
the elastic modulus dominates. The moduli cross over at an
angular frequency oc, and tc ¼2p/oc is a characteristic ﬂuid
relaxation time. The crossover frequencies and the corresponding
relaxation times are given in Table 5, and are consistent with the
results of Milas and Rinaudo (1990). CMC displayed similar
behavior but with higher crossover frequencies; the data are not
plotted but are included in Table 5.
The crossover time tc determined from the linear viscous and
elastic moduli can be viewed as the longest relaxation time of the
polymer molecules in the linear viscoelastic regime. On the other
hand, the relaxation time l obtained by ﬁtting the viscosity to the
Carreau equation above is measured under nonlinear (i.e., large
strain) conditions. Nonetheless, the two relaxation times show
consistent behavior. For xanthan gum, both time scales are on the
order of a few seconds and increase approximately linearly with
polymer concentration, with tc being slightly larger than l except
at the lowest concentrations. Both time scales are much shorter
for the CMC solutions, but again increase with increasing

concentration. The fact that the relaxation times are much longer
for the xanthan solutions indicates that they are signiﬁcantly
more elastic than the CMC solutions.

3.2. Bubble rise experiments
The terminal rise velocity of air bubbles in the polymer
solutions of interest was measured as a function of bubble
volume. We waited at least 300 s between successive bubble
injections to ensure that the ﬂuid in the experimental column was
quiescent and that memory effects due to the passage of previous
bubbles were negligible (Rodrigue et al., 1996).
The terminal rise velocities U measured in the xanthan gum
solutions are shown in Fig. 7. For very small bubbles, the rise
velocity shows a power law dependence on bubble volume. While
there is some scatter between the different runs, the power law
exponents in this regime are consistent with the value of 2/3
expected if the buoyant force is balanced by Stokes drag. In this
regime, the rise velocity decreases as the xanthan concentration is
increased, reﬂecting the increase in viscous drag. For larger
bubbles, the rise velocity ﬂattens out and becomes independent
of both bubble volume and polymer concentration within our
measurement accuracy. At low xanthan concentrations, there
is some indication of a small decrease in U for intermediatesized bubbles followed by a slight increase for the largest bubbles
studied. The velocity of bubbles rising through the CMC solutions
is similar, as shown in Fig. 8, and indeed approaches the same
constant value at large volumes.
As discussed in the Introduction, several previous investigations have reported a discontinuous jump in the bubble rise
velocity as a function of volume, while others observed no such
discontinuity. As can be seen from Figs. 7 and 8, our results show
no indication of a discontinuity over the range studied, which

Fig. 7. Terminal rise velocity of air bubbles in aqueous solutions of xanthan gum.

Fig. 8. Terminal rise velocity of air bubbles in aqueous solutions of CMC.
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extends from well within the Stokes regime up to Reynolds
numbers (as deﬁned below) of order 100.
It has been suggested that a jump in U could result from elastic
effects. Pilz and Brenn (2007) proposed a dimensionless number
P ¼ lE(g3r/s)1/4, which compares the effects of elasticity and
surface tension. Here g is the acceleration due to gravity and lE
is the relaxation time in extensional ﬂow. Pilz and Brenn (2007)
argued that a velocity jump would occur when this quantity
exceeded a threshold value Pc which they found from their data
to be Pc E9.9. Using the values of density and surface tension
presented in Table 2 and taking account of the fact that lE is
generally less than the relaxation time l (Stelter et al., 2002), we
ﬁnd P 4 Pc for all of our xanthan gum solutions, while P o Pc for
our CMC solutions. Despite this difference, we observe no velocity
jump in either case, and, indeed, the functional dependence of the

rise velocity on bubble volume is essentially the same for both
materials. This suggests that the quantity P is not a generally
valid predictor of a velocity discontinuity.
The drag coefﬁcient of rising bubbles has been studied previously
(Karamnev, 1994; Margaritis et al., 1999; Dewsbury et al., 1999, and
Karamanev et al., 2005). The drag coefﬁcient is deﬁned as
3

CD ¼

4g Drde

2
dh U 2

3r

,

ð3Þ

where Dr ¼ r  rair is the difference in density between the ﬂuid
and the bubbles, de is the equivalent diameter of the bubble (that is,
the diameter of a sphere having the same volume as the bubble:
3
de ¼ 6V=p where V is the bubble volume), and dh is the mean
projected cross-sectional diameter of the bubble (which is discussed
further below).
In Fig. 9 we plot CD calculated for our bubbles as a function of
the Reynolds number Re, where
Re ¼

Fig. 9. The drag coefﬁcient of the rising air bubbles plotted as a function of
Reynolds number. The dashed line is the correlation obtained previously by
Margaritis et al. (1999).
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rU 2n dh n
k

:

ð4Þ

The constants k and n are determined from the ﬁts of the
Carreau model to the ﬂuid viscosity as described above, with
k¼ m0ln  1 being the ﬂuid consistency. In using this expression for
Re, we estimated the shear rate near the bubble to be g_ ¼U/dh.
This is the characteristic shear rate near the equator of a spherical
bubble. The effective shear rate may be slightly different for large,
non-spherical bubbles, but for simplicity we use the same deﬁnition of Re in all cases. The results from all of our experiments in
both xanthan gum solutions and CMC solutions collapse well onto
a single curve. At low Reynolds numbers CD decreases approximately as Re  1, while the data are scattered around a value close
to 1 at higher Re. Margaritis et al. (1999) studied bubbles rising
through solutions of microbially-produced polysaccharides and

Fig. 10. Side view of air bubbles in the 1530 ppm xanthan gum solution. The image contrast is low because the xanthan solution is not fully transparent. The bubble
volumes are (a) 3.5 ml; (b) 35 ml; (c) 70 ml; (d) 250 ml; (e) 550 ml; and (f) 800 ml; The scale bar shown in (a) is 0.2 cm in length.
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found that their results were well described by the correlation
CD ¼

16
0:413
ð1 þ 0:173Re0:657 Þ þ
Re
1 þ16300Re1:09

ðRe o 60Þ

ð5Þ

and
C D ¼ 0:95

ðRe Z60Þ

ð6Þ

This correlation is also shown in Fig. 9. It describes our data
well, although the value of Re at which the drag coefﬁcient
becomes constant may be slightly smaller in the present case.
The shape of the bubbles varied as a function of bubble
volume. This is illustrated in Fig. 10, which shows images of
several bubbles with a large range of volumes in the 1530 ppm
xanthan gum solution. Fig. 11 shows images of bubbles in the
6000 ppm CMC solution. In both cases, the bubble shape changed
from spherical to cusp-ended spherical to ellipsoidal and ﬁnally to
spherical cap as the bubble volume increased. The largest bubbles
in the CMC solutions had a more symmetric spherical cap shape
than seen in bubbles in the xanthan gum solutions, but otherwise
the variation in bubble shapes was similar in the two materials.
The bubble shape can be characterized using the ratio de/dh
of the equivalent diameter to the projected horizontal diameter
(Davies and Taylor, 1950; Clift et al., 1978; Karamnev, 1994;
Tzounakos et al., 2004; Margaritis et al., 1999). dh is determined
from the recorded images by taking the horizontal component of
the maximum dimension of the bubble. Spherical bubbles have
de/dh ¼1, while de/dh has been found to be 0.62 for spherical cap
bubbles (Clift et al., 1978; Chhabra, 1993). As discussed further
below, the values of dh for our larger bubbles varied in time; we

therefore used the time-averaged value in this analysis. In Fig. 12
we plot de/dh as a function of de for bubbles in the 2100 ppm and
2580 ppm xanthan gum solutions. The data for these two concentrations fall on a single curve, although the same is not true for
the lower concentration solutions. As expected, de/dh for both
biopolymers decreases from 1 for small-volume spherical bubbles
to around 0.62 for the large spherical-cap shaped bubbles.
The trajectories of the bubbles also changed as their volume
increased. Small, spherical bubbles traveled straight upwards, while
larger bubbles followed zig-zag or spiral paths. We observed that
the bubbles that rose in a straight path maintained their shape and,
in particular, had a constant value of dh as they rose. On the other

1.1
2580 ppm

Aspect Ratio de/dh
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1.0

2100 ppm

0.9
0.8
0.7
0.6

0

0.5
1
1.5
2
Equivalent diameter of bubbles de (cm)

2.5

Fig. 12. Aspect ratio of air bubbles in 2100 ppm and 2580 ppm xanthan gum
solutions plotted as a function of equivalent bubble diameter.

Fig. 11. Side view of air bubbles in to 6000 ppm CMC solution. The bubble volumes are (a) 18.4 ml; (b) 138 ml; (c) 553 ml; (d) 1152 ml; (e) 1844 ml; and (f) 3688 ml; The scale
bar shown in (a) is 0.5 cm in length.
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Fig. 13. (a)–(d): Top view of an 80 ml bubble rising through a 780 ppm xanthan gum solution, illustrating the changes in the bubble’s cross-section with time. The bubble is
approximately 0.5 cm across. Images (b)–(d) were recorded 0.067 s, 0.100 s, and 0.150 s after image (a). (e)–(h): Top view of a 300 ml bubble in the 780 ppm xanthan gum
solution. The bubble is approximately 1 cm across. Images (f)–(h) were recorded 0.033 s, 0.083 s, and 0.133 s after image (e).

hand, the surfaces of bubbles that followed non-linear-trajectories
deformed and their projected diameters evolved as they moved. In
the case of the bubbles in the relatively concentrated xanthan gum
solutions represented in Fig. 12, bubbles with de/dh 40.7 rose along
straight, vertical paths, while those with de/dh o0.7 followed spiral
trajectories. The change in trajectory behavior is concentrationdependent, however. Fig. 13 shows top-view images of two bubbles
in a less concentrated (780 ppm) xanthan gum solution. Both of
these bubbles rose along spiral trajectories. The cross-section of the
bubble shown in Fig. 13(a) evolves periodically from elliptical to
circular and back again. The larger bubble shown in Fig. 13(b) has a
more irregular cross-section that changes continuously as it rises.
The behavior of bubbles in the CMC solutions was qualitatively
similar. In the analysis of the drag coefﬁcient presented above, we
used only the vertical component of the bubble velocity in Eqs.
(3) and (4) to calculate Re and CD for large bubbles that follow these
complex trajectories.
As discussed above, a discontinuous jump in the bubble rise
velocity as a function of volume has been observed in some
previous experiments. In the present work, we observed no
discontinuous changes in the rise velocity of our bubbles as their
volume increased in either the xanthan gum solutions, which
were signiﬁcantly elastic, or the less-elastic CMC solutions.
Indeed, the velocity-volume data for these two ﬂuids were very
similar, suggesting that elasticity does not have a large effect
on the bubble motion. The rise velocity became fairly constant
for our largest bubbles, and their trajectories became nonlinear.
Beyond this, the substantial changes in bubble shape observed
with increasing volume did not lead to any sudden changes in
bubble behavior; even the appearance of a cusp-like tail on
the rising bubbles did not coincide with any observable jump in
the terminal velocity of the bubbles. This is consistent with the
analysis of De Kee and Chan Man Fong (2002) and Pilz and Brenn
(2007).
A range of physical phenomena, including surface effects due
to surfactants or surface-active polymers, elastic effects at sufﬁciently high polymer concentrations (Rodrigue et al., 1996, 1998;
Rodrigue and De Kee, 2002; Pilz and Brenn, 2007), and the
appearance of a negative wake behind the bubbles (HerreraVelarde et al., 2003) have been proposed to play a role in the
occurrence of a discontinuity in the rise velocity of bubbles, but
the exact cause of this phenomenon is still far from clear. The fact

that a negative wake can also develop around settling solid
particles without causing a discontinuity in velocity (Harlen
2002, Kemiha et al. 2006) suggests that the negative wake may
be less important than surface effects or the deformability of the
bubble’s surface. The architecture of the polymer molecules may
also play a role in any velocity discontinuity. The polymers used
in the present work were rigid (xanthan) and semi-rigid (CMC)
long-chain polysaccharides. In contrast, a jump in the rise velocity
has most often been reported in experiments using solutions of
polyacrylamide (Leal et al., 1971; Herrera-Velarde et al., 2003;
Rodrigue and De Kee, 1999; Rodrigue et al., 1996), which is a
ﬂexible linear polymer.

4. Conclusions
We have studied the rise of air bubbles in surfactant-free
solutions of xanthan gum and carboxymethylcellulose biopolymers. Both ﬂuids are shear-thinning and viscoelastic, with elastic
effects (characterized by the elastic relaxation time) being more
important in the xanthan gum solutions. The bubbles are spherical for small volumes, but as the volume increases they develop
a cusped tail, then become elliptical and, for the largest bubbles
studied, have a spherical cap shape. Small bubbles rose vertically
through the ﬂuid, while larger bubbles followed spiral or zig-zag
paths. The terminal rise velocity of the bubbles increased as a
power law in bubble volume for small bubbles, as expected in the
Stokes ﬂow regime. For larger bubbles the rise velocity became
independent of both bubble volume and the properties of the
solution. No discontinuous jump in the rise velocity was observed
in our experiments.

Nomenclature
V
m, n
N1
g
CD
Re
U

bubble volume, ml
parameters in Carreau law, dimensionless
ﬁrst normal stress difference, Pa
acceleration due to gravity, m/s2
drag coefﬁcient, dimensionless
Reynolds number, dimesionless
terminal velocity of bubble, m/s
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G0
G00
a, b
d
de
dh
D

t
m
g_
m0
l
lE

r
Dr

s
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elastic modulus, Pa
viscous modulus, Pa
parameters in power-law model for normal stress
difference
bubble diameter, cm
equivalent bubble diameter, cm
projected horizontal bubble diameter, cm
column diameter, cm
shear stress, Pa
viscosity, Pa s
shear rate, s  1
zero shear-rate viscosity, Pa s
relaxation time in Equation 3.1, s
relaxation time in elongational ﬂow, s
density, kg/m3
density
difference
between
bubbles
and
surrounding ﬂuid
surface tension, mN/m
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